Abstract. The duals of C 0 (a, b) and C [a, b] with respect to disjointness preserving groups are characterized. A. Plessner's result (1929) about the translation group is extended. A Wiener-Young type theorem for disjointness preserving groups is obtained.
continuous cocycle of ϕ such that ∀t ∈ R ∀f ∈ C 0 (X) ∀x ∈ X (T (t)f )(x) = q t (x)f(ϕ t (x)), where ϕ t = ϕ(t, ·), q t = q(t).
In the sequel we are going to use the following elementary observation.
Lemma 1. ∀t ∈ R q t = T (t) .
In [Na, .21] W. Arendt characterized all continuous flows on X. For the sake of completeness we list this result here providing a somewhat more detailed proof than the original one.
Theorem 2. ϕ is a continuous flow on X if and only if the following conditions are satisfied.
(1) ∃U ⊂ X, U is the union of pairwise disjoint intervals (a i , b i ), i ∈ I, where I is either finite or countable. (2) ∃ψ : U → R such that ∀i ∈ I ψ i = ψ| (ai,bi) : (a i , b i ) → R is a homeomorphism.
Proof. Sufficiency. First we will establish that ϕ is a flow on R. Let x, s, t ∈ R.
Then either x ∈ U or x / ∈ U. If x / ∈ U, then ϕ t (x) = ϕ s (x) = ϕ t+s (x) = x and therefore ϕ t (ϕ s (x)) = ϕ t+s (x). If x ∈ (a i , b i ) for some i ∈ I, then ϕ t (ϕ s (x)) = ψ
The next step is to prove the continuity of ϕ. It is fairly clear that if x ∈ U or x / ∈Ū, then ∀t ∈ R ϕ t (x) is continuous at (t, x) . Suppose x ∈Ū \ U , t ∈ R. Since ϕ t (x) = x, we have to prove that
We will prove only the first fact of the above two. The second one can be proved in the same manner. Let ε > 0. Then there are two possibilities: either (x, x+ε) ⊂ U or (x, x+ε) ⊂ / U. Let us consider the second case first. Then ∃δ 0 < δ < ε such that x + δ / ∈ U. Let x < y < x + δ. If y / ∈ U, then ∀s ∈ R ϕ s (y) = y and therefore x < ϕ s (y) < x + ε. If, on the other hand, y ∈ (a i , b i ) for some i ∈ I, then
Note that ∀s ∈ R ϕ s (y) ∈ (a i , b i ) and therefore x < ϕ s (y) < x + ε.
Assume now (x, x + ε) ⊂ U . Then ∃i ∈ I such that a i = x < x + ε ≤ b i . Since ψ i is a homeomorphism, without losing generality we may assume that it is a decreasing function. Let
It follows that x < ϕ s (y) < x + ε. This concludes the proof that ϕ s (y) → x as y ↓ x, s → t.
Necessity. First we will prove that ∀t ∈ R ϕ t is a strictly increasing function. Assume this is not true. Then ∃t ∈ R ∃x, y ∈ X, x < y such that ϕ t (x) ≥ ϕ t (y). Since ϕ is a continuous function and since ϕ 0 = id X , ∃s ∈ (0, t] such that ϕ s (x) = ϕ s (y). Contradiction with the fact that ϕ s is a homeomorphism.
Let K = { x ∈ X : ∀t ∈ R ϕ t (x) = x }. Clearly K is a closed set. Also if X = [a, b] , it is easy to see that a, b ∈ K. Therefore, U = X \ K is open in R and thus is a union of of pairwise disjoint intervals (a i , b i ), i ∈ I, where I is either finite or countable.
Let
. We claim that β is an injection. Suppose this is false, i.e. ∃r, s ∈ R such that ϕ s (x) = ϕ r (x) which means that ϕ s−r (x) = x. Scaling by t, if necessary, we may assume that ϕ 1 (x) = x. Let y = ϕ 1/2 (x). It follows from the definition of a flow that ϕ 1/2 (y) = x. Since as we showed above ϕ 1/2 is a strictly increasing function, we conclude that x = y.
Using a similar argument, we can show that ∀n ∈ N ϕ 1/2 n (x) = x and thus ∀m ∈ Z ϕ m/2 n (x) = x. Since numbers {m/2 n } n∈N, m∈Z are dense in R and since ϕ is a continuous flow, it follows that ∀t ∈ R ϕ t (x) = x, i.e. x ∈ K. Contradiction with x ∈ (a i , b i ). Thus, β is an injection.
Our next claim is that
Without loss of generality we may assume that β is an increasing function. Therefore,
Remark. If ϕ is a continuous flow, then ∀n ∈ Z ϕ n = ϕ n 1 , i.e. ϕ n is the nth iterant of the function ϕ 1 . Theorem 2 shows that the functions {ϕ t } t∈R are the continuous iterants of ϕ 1 in the sense of Abel, i.e. there exists a function ψ such that ϕ 1 satisfies the Abel equation ψ(ϕ 1 (x)) − ψ(x) = 1 (see [Ku, Ch.VII] 
), and consequently
Suppose µ is a nonnegative Borel measure on X, t ∈ R. ∀F ⊂ X, F Borel define µ t (F ) = µ(ϕ −t (F )). By [DS, III.10 .8] µ t is a nonnegative Borel measure on X and
It can also be easily seen that if µ ∈ M (X), then so is µ t and the above equality holds as well.
Suppose µ ∈ M (X), t ∈ R. ∀F ⊂ X, F Borel define
Since q t ∈ C b (X), [DS, III.10.4 ] implies that µ t ∈ M (X) and
Proof. It follows from above that ∀t ∈ R µ t ∈ M (X) and ∀f ∈ C 0 (X)
Lemma 4. If µ ∈ M (X) and µ| U = 0, then µ ∈ C 0 (X) with respect to {T (t)} t∈R .
Proof. Suppose t ∈ R, F ⊂ X is Borel. Then
Since µ| U = 0, µ(ϕ −t (F ) ∩ U) = 0 and therefore
Since ϕ −t is a bijection and since
We obtain:
Let F be the set of all partitions {F j } of X. Then ∀t ∈ R
Since {T (t)} t∈R is a C 0 -group, it is locally bounded. Hence, by Lemma 1 ∃D > 0 such that ∀|t| ≤ 1 q t ≤ D and therefore q t − 1 ≤ D + 1. Since by the definition of a cocycle q 0 = 1 and since (D + 1)χ X ∈ L 1 (X, µ), it follows from the Dominated Convergence Theorem that
Hence, µ t − µ → 0 as t → 0. Since by Lemma 3 µ t = T * (t)µ, it follows that µ ∈ C 0 (X) .
Lemma 5. Suppose i
where ψ is as in Theorem 2. Then µ ∈ C 0 (X) with respect to {T (t)} t∈R .
Proof. dψ is either a nonnegative or nonpositive measure on (a i , b i ). Without loss of generality we may assume it is nonnegative.
. [Ru, 2.18] implies that both dψ and (dψ) t are regular.
Then by ( * ) and ( * * )
Using the argument similar to the one in the proof of Lemma 4, we conclude that ∀t ∈ R
We have shown in the proof of Lemma 4 that ∃D > 1 such that
Hence,
Gluing all pieces together, we will obtain that ∀|t| < δ µ t − µ < ε. Thus, lim t→0 µ t = µ and µ ∈ C 0 (X) with respect to {T (t)} t∈R .
where ν| U = 0 and ∀i ∈ I µ i | (X)\(ai,bi) = 0. Let A be the infinitesimal generator of {T (t)} t∈R , ω 0 the growth bound of {T (t)} t∈R , λ > ω 0 . Since by [vN, 1.3 .1]
Hence, since ν| U = 0 and
where
Let ε = (λ − ω 0 )/2. Since {T (t)} t∈R is a C 0 -group, it is locally bounded. Hence, by Lemma 1 ∃B > 0 such that ∀t ∈ R q t ≤ Be t(ω0+ε) , and ∀x ∈ X
Thus, if ∀F ⊂ X, F Borel we define
then by [DS, III.10.4 ] ξ ∈ M (X) and ξ = R(λ, A * )ν. Also since ν| U = 0, ξ| U = 0 as well.
Let i ∈ I. Without loss of generality we may assume that ψ is nondecreasing on
Then by [DS, III.10 .8]
Applying Fubini's Theorem, we will get:
We need to show that
. Again using Fubini's Theorem and [DS, III.10 .8], we will obtain:
which means that ν i can be associated with a function from
Theorem 7. Let {T (t)} t∈R be a disjointness preserving C 0 -group on C 0 (X). Then ∃U ⊂ X, U is the union of pairwise disjoint intervals (a i , b i ), i ∈ I, where I is either finite or countable and ∃ψ : U → R such that ∀i ∈ I ψ i = ψ| (ai,bi) : (a i , b i ) → R is a homeomorphism and the corresponding group dual
Proof. Follows from Lemmas 4, 5 and 6. The following theorem generalizes the result of N. Wiener and R. C. Young ( [WY] ) about the behavior of measures on R under translation. We are going to use the following notation: if S is a subset of a Banach lattice E, then S d will denote its disjoint complement in E. Theorem 8. Let {T (t)} t∈R be a disjointness preserving C 0 -group on C 0 (X). Proof. Suppose that ϕ and q are the flow and the cocycle associated with {T (t)} t∈R .
Then it is not difficult to see that |T (t)| is also disjointness preserving with the flow ϕ and cocycle |q|. Thus, by Theorem 7 both groups {T (t)} t∈R and {|T (t)|} t∈R have the same C 0 (X) . Let m be the Lebesgue measure on R. Since {|T (t)|} t∈R is a positive C 0 -group, it follows from [dP, 2.3] that ∀µ in C 0 (X) d |T (t)| * µ ⊥ µ m-a.e. on R. It follows from [MN, 3.1.21 ] that both T * (t) and |T (t)| * are disjointness preserving, and therefore
